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Abstract Piezoelectric transducers are widely applied to
MEMS devices as actuators or sensors due to their simple
structure and easy control. A micromachined piezoelectric
microjet is introduced and modal analysis of its piezo-
electric actuator has been thoroughly presented. Both
numerical analysis and experimental measurement are
implemented in this study. In numerical analysis, an
approximate method is established to evaluate the first
vibration mode and finite-element methods are used to
simulate higher order vibration modes of the transducer.
An experimental system was also set up to measure the
axisymmetric vibration modes of the transducer. Com-
pared with experimental results, good correlation was
found between the numerical and experimental results,
which proved the validation and reliability of the models.
Through these models, further optimal design of the
transducer can be carried out.

List of symbols
a the radius of elastic plate
b the radius of piezoelectric disk
d31 piezoelectric coupling coefficient
Dz electric displacement along z direction
E1 the Young’s modulus of piezoelectric material
E2 the Young’s modulus of elastic plate
Ez the electric field
g31 piezoelectric strain constant
h1 thickness of piezoelectric disk plus half of elastic

plate
2h2 thickness of elastic plate
�mm1 mass density of piezoelectric disk per unit area
�mm2 mass density of elastic plate per unit area
Si i = 1, 2 strains along r and h directions
Ti i = 1, 2 stresses along r and h directions

w the transverse deflection of the transducer
WðrÞ the mode shape function of the transducer
r1 the Poisson’s ratio of the piezoelectric material
r2 the Poisson’s ratio of the elastic plate
a rate of radii of piezoelectric disk to the elastic plate
b rate of thickness of the elastic plate to piezoelectric

disk
b33

T coefficient of dielectric impermeability
x radian frequency of the driving signal

1
Introduction
Compared to multi-layer and bimorph piezoelectric
transducers, the unimorph piezoelectric transducer is also
in wide use for its simple structure and easy assembly,
especially in microfluidics control and delivery. Among
the unimorph piezoelectric transducers, some transducers
work at far below the first resonant frequency, such as
piezoelectric micropumps [1]. Some transducers work at
the first vibration mode, such as some ultrasonic liquid
ejectors [2]. Moreover, some piezoelectric transducers
work at higher order vibration modes, such as some mi-
crofluidics sprayers [3] for DNA mass spectrometry. New
applications of unimorph piezoelectric transducers are still
emerging.

A piezoelectric microjet based on the basic principle of
Drop-On-Demand ink-jets, has recently been developed
[4, 5]. The device consists of a fluid chamber, which is
formed by a piezoelectric unimorph transducer bonded
to a silicon chip with nozzle arrays as shown in Fig. 1. By
micromachining techniques, 640 nozzles, 5 lm in diam-
eter, are fabricated through membranes 15 lm thick
etched by KOH on a silicon chip 3.5 mm by 3.5 mm.
A piezoelectric disk, 9 mm in diameter and 0.4 mm thick,
is glued to another silicon chip, which is first etched to
form an elastic membrane 10 mm in diameter and
100 lm thick, constituting the unimorph piezoelectric
transducer.

Driven by an electrical pulse at certain frequencies, the
piezoelectric transducer generates a pressure wave, which
propagates towards the nozzles in the fluid chamber and
squeezes the liquid out. With enough kinetic energy, the
liquid releases through the nozzles and forms droplets.
The piezoelectric microjet works at its resonant frequen-
cies and, if vibrating in its higher mode, will obtain higher
kinetic energy and flow rate. Therefore, it is necessary for
the device to work at higher resonant frequencies to meet
the application requirements. A microjet is in ejection of
liquid droplets, as illustrated in Fig. 2.
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Until now, however, research work has mainly
focused on experimentation, fabrication and processing
of piezoelectric transducers. Only a few simple analytical
[5, 6] and numerical models [7, 8] have been reported
on piezoelectrical transducers, especially the piezoelec-
tric unimorph transducer. Fewer investigations are
focused on modal analysis of the transducer. Based on
the experimental results of the micromachined devices,
this paper successfully establishes an approximate
method for evaluating the first vibration mode, and the
finite-element method is used to simulate the higher
order axisymmetric vibration modes. Comparisons
with experimental results prove the validation of the
models. Through these models presented in this paper,
further optimal design of the transducer is ready to
carry out.

2
Approximate calculation of basic mode
Most unimorph piezoelectric transducers work at or below
the first resonant frequency, therefore thorough under-
standing of the first vibration mode of transducers is
necessary.

By simplifying the transducer as a silicon-piezoelectric
bonded structure, the model of the transducer illustrated
in Fig. 3 consists of a circular elastic plate with the edge
clamped and a piezoelectric disk bonded concentrically.

2.1
Displacement mode shape function
The following conditions are assumed:

(1) The displacement of the transducer is small enough
and all the materials are in their linear elastic range.

(2) Each layer is continuous along the thickness direction,
that is, the transverse deflection is the same along z
direction.

(3) There are no shear strains and only the flexural vi-
bration is considered.

(4) The piezoelectric layer is polarized along z direction
and the thickness is thin enough so that the electric
field is only along z direction and keeps constant.

According to the above assumptions, the bending the-
ory of thin plates is applicable. When the transducer vi-
brates in its axisymmetric modes, the general expression
for the transverse displacement wðr; tÞ is

wðr; tÞ ¼ A �WðrÞ � ejxt ð1Þ
Subject to certain approximations, the first mode shape
function WðrÞ can be expanded with a polynomial
expression as

WðrÞ ¼ 1þ a2
r

a

� �2
þ a3

r

a

� �3
þ a4

r

a

� �4
ð2Þ

Assuming f ¼ Aejxt , n ¼ _ff ¼ fjx , thus

_wwðr; tÞ ¼ WðrÞ � n ð3Þ

2.2
Kinetic and potential energies
The total kinetic energy of the transducer is composed of
the kinetic energy of the elastic plate and the kinetic en-
ergy of the piezoelectric disk [9]. The kinetic energy of the
elastic plate can be given by

TS ¼
1

2

Za

0

Zh2

�h2

q2 _ww2ðr; tÞ� 2pr dr dz ð4Þ

Combining Eqs. (3) and (4), thus

TS ¼
�mm2

2
pa2n2KS ð5Þ

where

KS ¼ 1þ a2 þ 4
5 a3 þ 2

3 a4 þ 1
3 a2

2 þ 1
4 a2

3 þ 1
5 a2

4 þ 4
7 a2a3

þ 4
9 a3a4 þ 1

2 a2a4 ð6Þ
As the same way, the kinetic energy of the piezoelectric
disk can be given by

Fig. 1. Structure of a microjet and its driving system

Fig. 2. A microjet in ejection of liquid droplets

Fig. 3. Model of a silicon-piezoelectric unimorph transducer
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TP ¼
�mm1

2
pb2n2KP ð7Þ

where

KP ¼ 1þ a2a
2 þ 4

5 a3a3 þ 2
3 a4a4 þ 1

3 a2
2a

4 þ 4
7 a2a3a5

þ 1
2 a2a4a6 þ 1

4 a2
3a

6 þ 4
9 a3a4a7 þ 1

5 a4a8 ð8Þ
Thus, the total kinetic energy of the transducer is

TT ¼ TP þ TS ¼
�mm1

2
pb2n2KP þ

�mm2

2
pa2n2KS ð9Þ

The total potential energy is also composed of two parts,
the potential energy of the elastic plate and the piezo-
electric disk. According to the bending theory of thin
plates, the stresses of the elastic plate are

T1 ¼
E2

1� r2
2

S1 þ r2S2ð Þ ð10aÞ

T2 ¼
E2

1� r2
2

S2 þ r2S1ð Þ ð10bÞ

where S1 ¼ �z � d2w=dr2 , S2 ¼ �ðz=rÞ � dw=dr. Therefore,
the potential energy of the elastic plate is

US ¼
Za

0

Zh2

�h2

1
2 ðT1S1 þ T2S2Þ � 2pr dr dz ð11Þ

Substituting Eq. (10) into Eq. (11) yields

US ¼
2pE2h3

2f
2

3ð1� r2
2Þa2

KS ð12Þ

where

KS ¼ 4ð1þ r2Þa2
2 þ 12ð1þ r2Þa2a3 þ ð45

4 þ 9r2Þa2
3

þ 16ð1þ r2Þa2a4 þ 168
5 þ 24r2

� �
a3a4

þ 80
3 þ 16r2

� �
a2

4 ð13Þ
According to the electromechanical coupling mechanisms
in the transducer, thus

T1 ¼
E1

1� r2
1

S1 þ r1S2ð Þ � g31E1

1� r1
Dz ð14aÞ

T2 ¼
E1

1� r2
1

S2 þ r1S1ð Þ � g31E1

1� r1
Dz ð14bÞ

Ez ¼ bT
33Dz � g31 T1 þ T2ð Þ ð14cÞ

Integrating the two sides of Eq. (14c) along the axial
direction of the piezoelectric disk, therefore the driving
voltage Vz results from

Vz ¼
Zh1þh2

h2

Ez dz

¼ bE
33h1Dz �

E1g31h2
1ð1þ bÞ

2ð1� r1Þ
d2w

dr2
þ 1

r

dw

dr

� �
ð15Þ

Assuming Vz ¼ 0, the electric displacement with a con-
stant voltage is given by

Dz ¼
E1g31h1ð1þ bÞ
2bE

33ð1� r1Þ
d2w

dr2
þ 1

r

dw

dr

� �
ð16Þ

where

bE
33 ¼ bT

33 þ
2E1g2

31

1� r1
ð17Þ

Thus, the potential energy of the piezoelectric disk is

UP ¼
Za

0

Zh1þh2

h2

1
2 T1S1 þ T2S2ð Þ � 2pr dr dz ð18Þ

Substituting Eqs. (14) and (16) into Eq. (18) yields

UP ¼
2pE1uh3

1f
2

3ð1� r2
1Þa2

KD
P �

pE2
1g2

31h3
1f

2ð1þ bÞ2

2bE
33ð1� r1Þ2a2

KV
P ð19Þ

where

u ¼ 1þ 3
2 bþ 3

4 b2; ð20aÞ
KD

P ¼ 2ð1þ r1Þa2
2a

2 þ 6ð1þ r1Þa2a3a
3 þ 45

8 þ 9
2 r1

� �
a2

3a
4

þ 8ð1þ r1Þa2a4a
4 þ 84

5 þ 12r1

� �
a3a4a

5

þ 40
3 þ 8r1

� �
a2

4a
6; ð20bÞ

KV
P ¼ 4a2

2a
2 þ 122a3a

3 þ 81
8 a2

3a
4 þ 16a2a4a4

þ 144
5 a3a4a5 þ 64

3 a2
4a

6 ð20cÞ
Therefore, the total potential energy of the piezoelectric
transducer is

UT ¼ UP þ US

¼ 2pE1uh3
1f

2

3ð1� r2
1Þa2

KD
P �

pE2
1g2

31h3
1f

2ð1þ bÞ2

2bE
33ð1� r1Þ2a2

KV
P

þ 2pE2h3
2f

2

3ð1� r2
2Þa2

KS ð21Þ

2.3
Energy method
Due to the boundary situation of clamped edge, the rela-
tionship of the parameters is given as

a3 ¼ �4� 2a2; a4 ¼ 3þ a2 : ð22Þ
According to the conservation principle of total momen-
tum of the system, equating the maximum potential and
kinetic energies of the transducer yields

Umax
T ¼ Tmax

T ð23Þ
That is

2pE1uh3
1f

2

3ð1� r2
1Þa2

KD
P �

pE2
1g2

31h3
1f

2ð1þ bÞ2

2bE
33ð1� r1Þ2a2

KV
P þ

2pE2h3
2f

2

3ð1� r2
2Þa2

KS

¼m1

2
pb2x2KPþ

m2

2
pa2x2KS ð24Þ

Equation (24) can also be written as

x2 ¼ c1K
D
P � c2K

V
P þ c3KS

c4KP þ c5KS
ð25Þ
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where

c1 ¼
2pE1uh3

1

3ð1� r2
1Þa2

; c2 ¼
pE2

1g2
31h3

1ð1þ bÞ2

2bE
33ð1� r1Þ2a2

;

c3 ¼
2pE2h3

2

3ð1� r2
2Þa2

; c4 ¼
m1

2
pb2; c5 ¼

m2

2
pa2 ð26Þ

Substituting Eq. (22) into Eq. (25), x is then a function of
a2. By the application of the energy method, a2 can be
determined as

dðx2Þ
da2

¼ 0 ð27Þ

Combining Eqs. (25) and (27), a2 is ready to be solved.
Thus, a3, a4 and the first frequency x can be obtained.

For most piezoelectric transducers, such as piezoelectric
micropumps and some piezoelectric actuators for preci-
sion motion, working at far below first frequency or just at
the first vibration mode, the approximate calculation of
the first mode can meet requirements of most engineering
applications. However, it is not enough for some other
piezoelectric transducers, such as piezoelectric microjets.
As mentioned above, they should work at higher fre-
quencies to get high enough kinetic energy to release tiny
droplets from nozzles and to obtain a high enough flow.
Therefore, the finite-element method has been utilized for
higher order vibration modes analysis of the transducer. In
addition, all the numerical results of the first mode and
higher order modes will be compared to the experimental
results.

3
Finite-element method for modal analysis
The above approximate method for the first mode only
considered the circular chamber part of the transducer and
assumed the circumferential edge clamped. However, as
shown in Fig. 1, the total transducer is square and the real
boundary conditions are the four rims clamped. For the
complexity of the structure, the finite-element method
(FEM) is used to simulate the higher order vibration
modes of the transducer.

In this paper, FEM software, ANSYS, has been used to
analyze the transducer. Only axisymmetric vibration
modes will be concerned, one-fourth part of the device has
been modeled as shown in Fig. 4. Here the elastic plate is a
silicon chip 400 lm thick, and the chamber membrane is
10 mm in diameter and 100 lm thick. The piezoelectric

disk, 10 mm in diameter and 0.4 mm thick, is bonded to
the other side of the chamber membrane concentrically.
The bonding layer is negligible. The driving voltage is set
zero, that is, a short-circuit status of the piezoelectric disk.

Figure 6a shows the first three axisymmetric vibration
mode shapes corresponding to the resonant frequencies at
21, 64, 155 kHz. It is found that only these axisymmetric
modes, with no zero displacement at the center of the
chamber membrane, result in the volume change of the
chamber and the transducer can steadily work under these
modes. The open-circuit status and non-piezoelectric
phenomenon have been studied. Less than 1% difference
of the results from the ones under the short-circuit status
demonstrates that the electromechanical coupling is neg-
ligible in modal analysis, which will simplify the optimal
design of the transducer and reduce the calculation work.

4
Comparisons with experimental results
An approximate method has been presented above to
evaluate the approximate solution of the basic vibration
mode of the transducer. Finite element analysis has also
been used to simulate the higher order modes of the
structure. However, due to the complexity of the device
and many assumptions during modeling, experimental
measurement is indispensable to testify the validity and
reliability of numerical analysis.

4.1
Comparison of first mode results
Based on the approximate method introduced above, the
first mode of the real device has been calculated and
compared with the experimental results. Substituting the
related parameters of the transducer yields a2 ¼ �0:5683,
a3 ¼ �2:8634, and a4 ¼ 2:4317. Thus, the first mode shape
function results from

WðrÞ ¼ 1� 0:5683
r

a

� �2
�2:8634

r

a

� �3
þ2:4317

r

a

� �4

ð28Þ
Figure 5 illustrates the calculated and experimental results
of the first mode shape function along the diameter of the
transducer. The calculated first frequency is 36 kHz, while
the measured result is 28.1 kHz. From the comparisons, it
is easily found that there are obvious differences between
the calculated mode shape and the experimental result
near the edges, and the calculated frequency and measured

Fig. 4. FEM model of one-fourth part of the transducer Fig. 5. The first mode shape curve of the transducer
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one. The reason is that the calculation model of the
transducer just considered the chamber part of the device.
Compared to the real device, the calculation model has a
bigger rigidity, which results in a higher calculated fre-
quency. The real boundary conditions are that the rims
around the elastic plate, not the edge of the chamber, are
clamped, which results in the difference of the mode shape
near the chamber edge. We also simulated the same
structure as the calculation model and got the first mode
frequency of 36.8 kHz, which is almost equal to the cal-
culated frequency. Although there are some differences
between the calculated and measured results, the approx-
imate calculation is simple and useful for primary design
of the transducer.

4.2
Comparison of axisymmetric vibration modes
For some piezoelectric transducers working at higher
frequencies, in addition to the first mode more higher
order vibration modes are needed to evaluate the stability
and efficiency of the working status. FEM has been in-
troduced for higher modal analysis of the transducers.
However, experiments to measure the vibration modes are
still necessary to validate the simulation model.

In this paper, a scanning laser Doppler vibrometers
(SLDV), Polytec’s PSV-300, has been employed to measure
the transducer. This non-contacting measurement instru-
ment has a 0.5–250 kHz band width with 0.3 lm/s accu-
racy, which can meet the experimental requirements. In
the experiment, the four rims of the elastic plate are
clamped, and due to the larger thickness of the rims, re-
sulting in less amplitude at these areas, only the chamber
membrane is measured with 300 scanning points.

Figure 6b illustrates the three preceding axisymmetric
vibration modes of the transducer corresponding to res-
onant frequencies at 28.1, 52.8 and 144.2 kHz. Not all
modes are equally strong present. Due to a finite quality
factor (Q-factor), some modes appear simultaneously.
Especially for higher vibration modes, the mixing of
modes is more obvious and serious. That is why in the
experiment, it’s hard to obtain steady plots for further
higher vibration modes. For the functioning of the device,
only the modes that are strongly and clearly separated
from the others are of interest.

Comparing the simulation results with the experimental
results as shown in Fig. 6, the resonant frequencies ob-
tained by measurement are a little bit larger than the
simulation results, and the higher vibration mode shapes
are almost the same. Generally, geometrical differences
and the real boundary conditions, not as rigid as that in
the calculation, are the major factors resulting in basic
differences between the calculated resonance frequencies
and reality. By adjusting the stiffness of the boundaries,
simulation results more coinciding to the experimental
results have been obtained. When the outer rims with the
width of 1 mm of the square structure are clamped, the
first mode frequency is about 28.4 kHz, quite close to the
experimental result.

5
Conclusions
In this paper, an approximate method has been introduced
to evaluate the basic vibration mode and FEM has been
used to simulate the higher order vibration modes of the
transducer. Comparisons with the experimental results
have proved the validation of the models. Therefore, these

Fig. 6a, b. The comparison of simulation results to experimental
results of the first three axisymmetric modes of the transducer.
a Simulation results of the first three modes ( f =21, 64 and 155

kHz); b experimental results of the first three modes (f =28.1, 52.8
and 144.2 kHz)
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two methods can be employed to optimize the design of
piezoelectric transducers, to analyze the characteristics of
the transducers and to predict the working status of the
devices.
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